493

REFERENCES

1. FAYERS F.J., Some theoretical results concerning the displacement of a viscous oil by a
hot fluid in a porous medium. J, Fluid Mech. Vol.l3, Pt.l, 1962.

2. NIGMATULIN R.I., SURGUCHEV M.L., FEDOROV K.M. KHABEEV N.S., and SHEVTSOV V.A., Mathematical
modelling of the process of micellar-polymer flooding. Dokl. Akad. Nauk SSSR Vol.255,
No.l, 1980.

3. BEDRIKOVETSKII P.G., Displacement of petroleum by edgings of solutions of active impurit-
ies. Dokl. Akad Nauk SSSR, Vol.262, No.l, 1982,

4. POPE G.A., The application of fractional flow theory to enhanced oil recovery. SPE Journal,
Vol.20, No.3, 1880.

5. LIU THAI~PING, The Riemann problem for general 2 x 2 conservation laws. Trans. Amer. Math.
Soc. Vol.19%, No.472, 1974.

6. ROZHDESTVENSKII B.L. and IANENKO N.N,., Systems of Quasilinear Equations and Their Applica-~
tion in Gas Dynamics. Moscow, NAUKA, 1878.

7. SEDOV L.I., Mechanics of a Continuous Medium. Pergamon Press, Books Nos. 08878, 1865 and
10994, 1966.

8, BARMIN A.A. and KULIKOVEKII A.G.,; On discontinuous solutions in the mechanics of a contin-
uouns medium. In: Some Problems of the Mechanics of a Continuous Medium. Moscow, Izd.
MGU 1978.

9. GEL'FAND I.M., Certain Problems of the theory of quasilinear equations. Uspekhi Matem.
Nauk, Vol.l4, No.2, 1959,

10, DEFERMOS K.N., Quasilinear hyperbolic systems arising from the conservation laws. In:
Non-linearWaves. Moscow, MIR, 1977.

11. BARMIN A.A. and KULIKOVSKII A.G., On shock waves ionizing a gas in the presence of an
arbitrarily oriented magnetic field. In: Problems of Hydrodynamics and the Mechanics
of a Continuous Medium. Moscow, NAUKA, 1969.

12. TIKHONOV A.N., ZHUKHOVITSKII A.A. and ZABEZHINSKII Ia.L., Absorbtion of a gas from a
stream of air by a granular material layer. Zh. Fiz. Khimii, Vol.20, No.3, 1946,

13. PONTRIAGIN L.S., Ordinary Differential Equations. Pergamon Press, Book No. 09699, 1964.

14. BEDRIKOVETSKII P.G. and DORFMAN Ia.E., Non-linear waves in two-phase three-component
filtration processes. Dokl. Akad. Nauk SSSR Vol.264, No.l, 1982.

Translated by J.J.D.

PMM U.S.S.R.,Vol.47,Nc.4,pp.493-497,1983 0021~8928/83 $10.00+0.00
Printed in Great Britain © 1984 Pergamon Press Ltd,
UDC 533.6.011.629.7

ON THE ASYMPTOTIC THEORY OF THE THREE-DIMENSIONAL FLOW OF A
HYPERSONIC STREAM OF RADIATING GAS AROUND A BODY”

V.N. GOLUBKIN

The three-dimensional flow of a hyersonic stream of ideal gas round bodies
of arbitrary thickness allowing for radiation at high temperatures is
investigated using the method of a thin optically transparent shock layer,
which is a generalization of the well-known method of a thin shock (boundary)
layer /1/. Using the fundamental property of the gas in the thin shock
layer, which expresses the conservation of the ratio of the stream compon-
ent of vorticity along streamlines to the density of the gas /2,3/, an
analytic solution is cobtained of the non-linear problem of the flow round

a body bounded by a surface of zero total curvature. The distribution of
the radiation heat flux to the body is determined. The effect of radiation
on the flow of gas is considered, as an example, in the neighbourhood of
the plane of symmetry of a conical body at the angle of attack.

The flow of a hypersonic stream of radiating gas round a bedy for the plane and axisym-
metric cases has been studied in numerous papers {see /4,5/ and the bibliography there).
Recently the first results of a numerical calculation of the three-dimensional hypersonic flow
of a selectively radiating gas mixture over a blunted body were obtained in /6/. Two-dimen-
sional flow round bodies was considered in /7,8/ using the method of a thin shock layexr /1/.
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1. Using the method of a thin shock layer consider the three-dimensional flow of a
hypersonic stream round a body, when the temperature of the gas downstream of the bow shock
is high, and it is necessary to take into account the effect of radiation on the flow pattern
and the gas dynamic functions. The gas downstream of the shock is considered to be stable and
the optical thickness of the shock layer d,between the shock and the body is assumed to be
small, i.e. dy = d/L, <€ 1(d and L,are, respectively, the characteristic thickness of the shock
layer and the mean free path of the radiation). We will use a curvilinear orthogonal system
of coordinates §n{ attached to the body, in which surfaces parallel to the body surface
act as one set of coordinate surfaces, and the other two are developable surfaces formed by
the normals to the body surface along the lines of curvature. Let §, { be the parameters of
the lines of curvature andn the distance from the body along the external normal #. The Lame
parameters have the form

Hy=Vgn(l —Kim), Heq=1, Hy=1gn(l—Kn) (1.1)

where gy, g2 are the coefficients of the first basic quadratic form, and K;and K, are the
principal curvatures. We will represent the body surfaces and the compression shock by the

>
Ssquations =@l n=nE)+SEDD

We will introduce the following nbtation: u, Vv, w are compenents of the velocity vector
¥in the directions & 1, §, p is the pressure of the gas, p is the density, T is the temper-
ature, h is the enthalpy, M is the molecular weight, %, is the effective adiabatic exponent
of the equilibrium gas, ¢ is Stefan's constant, and ¥k, (p, T) 1is the mean Planck absorption
coefficient over a fairly wide range of pressures and temperatures, which is represented by

the analytic formula /7/
ky (p, T) = apT™, a, n == const (1.2}

Since in hypersconic flow the Mach number of the oncoming stream is M,>1 and the effect-
ive adiabatic exponent (x, — 1) <€ 14, then, taking into account the characteristic values of the
pressure and enthalpy downstream of the shock, we define the small parameter e that chacter-
izes the ratio of the densities of the compression jump and the thickness of the shock layer
by the relations

%—1 1
£ == 1 <i, K==Wy <pwVw2, _2_.Vm2)

®

The characteristic ratic of the temperatures at the shock is determined by the product
m = eM,} It follows from the energy equation that the effect of radiation is important

h 1. Thus
when m > v d == GL, d;— == ELkp*i Lk})* = La,pme’*‘T';m" = lmn

where L is the characteristic dimension of the body. The condition that the shock layer is
optically thin ({(transparent} has the form
d =lem* >0 as e-»0, m— o0 (1.3)

2. The use of the method of a thin optically transparent shock layer to solve the gas-
dynamic equations taking radiation into account involves passing to limit e&-—0, My o0,
m-—>o00, d,— 0. We will introduce the following independent variables of order unity:

P =YL, n° =nll, ' =UL (2.1
and expansions of the unknown functions
Ve =to @ ) 4. .oh VWVe=en@E, 0,0 +... (2.2)
w/Voox wu(gs, ﬂoy ;o) 4+ iy P=Pw + Pcnvmzpﬂ (Eov VIQ- Co) + e
Zk/V“2=hg @o, n”, ga) “"' R pr, =8t190(§°’ 'f’: ?) + DR
T/l a=mTo@ 0 +.ovr 20/paV =0 EW ) +. .

‘X.,.(p,h):—-i +23A(po,ho) + ey }l/#w”ﬁo+-~-
SIL = €S, (B, &) -+ - . .

where q, is the radiation heat flux on the surface. o .
Substituting (1.1), (1.2), (2.1), and (2.2) into the equations of radiation gas-dynamics

in the approximation of an optically transparent layer of gas /4,5/, assuming, using (}..3)f
m = O[(lyey4/»* and equating terms of like powers of &, we obtain in the basic approximation
the following equations:

VEugn Du + win (Ven) —w (VEuk] =0 (2.3
p (Kw? + Kaw?) = — pq (2.4)
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By S Dapy — ulu {1/ a.:)
V Engez LW 1=\ /

(pu lfgn)g + Vgnga (pv)n + (ow V gu)
pDh + TpT™* =0

—wil1 g, el =0 (2.5)
Y O 43/g)

Cal
!
o

~

2

(2.7
= phA (p, k), pp =pT
a
P T YR 2.
T =qvydm*=0(1), v=_80T"(p=Vx"

where the superscripts are cmitted and coordinate symbols in subscripts denote partial
derivatives, D is the differentiation operator along streamlines, and I' is a parameter

characterizing the effect of radiation on the gas flow,
characterizing the erz

Below, we use the fact that, when T >x10¢ °K the quantity %, is virtually constant /9/,
and we assume A = 1; the constant po < 1 which is determined by the equilibrium state of

Py |

the gas is assumed constant. At the compressicn shock, when 15 = S (L), we have, from /2,
3/, the conditions (2.9)
Usg==Ceu*T1, WyF=ECoo Ty :

U.=u,S;/VR +u’.S;/]f§-z;-—v1

Pe=hy=u% py=1, T,=pv?

fm e fm \ - f=\ . — a =V I/

\ll—-—\lb’g, l’—\[b’:, 1% Sl ~7. l, Yoo T Y[V oec)
on the surface of the body the condition of impermeability must be satisfied

Vp = 0 (2.10)
since the shock layer is thin and the derivatives along the layer are small composed with
+ha Aavivativae narmal +Aa i+ we ueo

when the radiation nropagation is taken into account
TNe Qerivatilves normal e 1T, We use, wiaen TNe YXARClation propagation ls laxen inte account,

the widely used /5,7,8/ approximation of a locally one-dimensional plane layer. Then, in-
tegrating across the vector divergence layer of the radiation heat flux, and using (1.2) and

er
e PSSy g ~ Loman A el e e A
\ 2,2 / y WE cbtain the follow .LIL\J !:J;y:.c:aa.uu for the radiation heat flux €acning the o0oay

C e

Note that in agreement with the general result /2,3/ the flow of radiating gas in the
shock layer has the property of conserving along the streamlines the ratio of the stream
vorticity component to the gas density. This property follows from Egs. (2.3), (2.5}, and
(2.6) which hold for any arbitrary flow in the thin shock layer irrespective of the physico-
chemical processes taking plase in it (equilibrium, non-equilibrium, chemical reactions, dis-
sociation, ionization, and radiation), and is expressed by the eguation

™ roe /o 4on 1 n 2 11y
D (u? (wiu)y/pl = 0 Vel

3. Let us consider the flow of radiating gas over a body with a developed surface form,
whose total curvature is K,;K, = 0 (for instance, suppose K, =0 ). Aas the coordinates §,[

we select the dimensionless length of the arc along the curvature lines, and obtain gy = g
1, g, = 0. Note that such surfaces may be used to construct bodies of optimal aerodynamic
form /10/. 1Instead of the equation of continuity we use Eg.(2.11). Then instead of Egs. (2.3)
—(2.6) we obtain

Dy =0 Dw =10 D /ol = 0O (3.1)
0, Dw =0, Dl(wu)fpl =0 ( )

pKaul= —p,, D=u 8 +U_L+w_6_
v D=ug vty (3.2)

To obtain a general solution of system (3.1), (3.2), (2.7), and (2.8) we change, as in

/2,3/, to new variables §, v, 8, where v (§, n, £, 0 (%, 0, D are constants along streamlines, de-
fined by the equations

d¥/u = dy/v = dtiw (3.3)
From (3.1), (3.3), (2.8), and (2.7) we obtain

=U@,8), w=W,0), T=N@ 0+ 2,0 (3.4)

PNy + OgNo = pR7L (¥, B) (3.5)

(r + 49U (b, 6) by + Kh™> = (3.6

ATV ar TEPITY

/s _t LN N+ \
B = oomoa) UL, Uy = WU}
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where K is the similarity parameter that takes radiation into account,and U, W, Z, Q are
arbitrary functions.

Taking into account the conditions at the shock h =h,, when § = y(}, 8), the solution
of Eg.(3.6) has the form

he==h, {1 + KRJ* [E — 1 (%, )T (, )/ (3.7)

) Then assuming, as in /2,3/, $ = W/U, 8 =Z, writing (3.2), (3.3), and (3.5) in the
variables §, ¢, { =¢% + 6, and integrating, taking (2.9) and (2.10) into account, we obtain

¢
PELD=pG0) — Kawé ;)W’(*P’,t—\p’a)nw,c — YE) dy’ (3.8)
p=p/h " (3.9)
V& )=U <‘P’§~‘P€>{$ (252 Qo — (e + 900 5] ¥ — 04 [(0s + P (Bl (3.10)
b

v
S@,;)=§ Qb L — ) o G ¥, 0 d (3-11)
b

(F&O=v[ESEO.LL wED=1E07),
(o) + o (g =0 or Q,=10)

The abscissa of the point of entry x (¥, A) of the streamline into the shock layer is
the root of the functional equation

¥ = w, (x, ¥x + Mius (X, ¥ -+4)
The functions F == {u, w, 2}, which are constant along the streamlines in the flow field,
are expressed by their wvalues at the shock

Fp, E~98) = fe (0 ¥y x =% (0y E— 98 ¥ = § -+ (x —8)

and, as in /2,3/, Q, = "‘[‘FK: (§v C)l-l‘

Thus, in the basic approximation of the method of a thin optically transparent shock
layer we have obtained an analytic solution of the problem of the flow over a body of a radiat-
ing hyperscnic flow of gas. Formulas (3.4) and (3.7)—(3.11) show that in the basic (Newtonian)
appraximation the radiation does not affect the pressure distribution and the tangential
velocity components, but in calculating the density, the vertical velocity component and the
three~dimensional shock layer thickness it is necessary to take radiation intc account. These
properties were established earlier for plane and axisymmetric flows in the shock layer /5,
7,8/.

Changing to the new independent variables §, ¥, {. we transform the formulas for the shock
layer thickness and the radiation heat flux to the final form

oy (D) by (0 7) [+ KR € — x)a, (xr, )]0

5(5'§)=“"§ PE X D%, (6 AT — E— ) ¥ (%, 9] o (3.12)
K § oa0n WP [ 4 KA € — ), (1 /s
16 0=— 377 , (LA — G — 1) T (% 9] x

=

4. Generally, calculating the flow using the above formulas invelves certain mathematical
difficulties due to the complicated functional relations. As an example, consider the flow
in the neighbourhood of the plane of symmetry on the windward side of a conical body at an
angle of attack «. Suppose that in the Cartesian system of coordinates xyz with unit vectors
iy, k the plane of symmetry corresponds to {=3z=0, and the equation of the section of the
body by that plane is p ==ztg9. The principal radii of curvature of the surface in the plane

3= 0 are By= K =00, Ry=K!=REtgpsecy, E=z360Q

In the neighbourhood of the plane of symmetry we have

w (g, % &) = Ly & %) SE D=5 {4.1)
DE, x D= D (& X O = {u, v, p, p; 4, q}

Py =i COSQ -+ jsing, r; =k -+ (isin@ — jcos @) [Ky

D= —ising 4 jcos @ - kiK,, e, =icosa—jsina

which is accurate to terms of order {*. Taking into account (4.1) and (2.9) we obtain from
formulas (3.12) the dependence of the compressed layer thickness and the heat flux from the
universal coordinate

X
_tgotaf {1 4- X — gy Hinss) 4
Fe{X) = z S A=0jr+C% xay 4.2)
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@ (X)=

X
1 I+ X— x)'(ﬂﬂ)/(ﬂﬂ) d (4.3)
z(n+4)S A—o)xFcx *™

1]
(€ = Rltg (9 + ) ctg @, X = KEsin* ™ (¢ 4 a) sec (9 + @)

where ¢ is a parameter. The integrals (4.2) and (4.3) are convergent, since their integrands
have singularities outside the region of integration.

In a number of cases formulas (4.2) and (4.3) convert to results obtained earlier by
methods applicable only to flows of special form. Thus when X =0, R,=1 we obtain a formula
for the angle of inclination of the attached shock on the windward side of a circular cone at
the angle of attack (without radiation)

e+=rp+;“_jr—j‘ﬂt,+—“-’m+t)lnu+t)—tl (4.4)

sSina

'=smmmw+@

which is the same as the result in /11/ for M_=oc. When a=0,C=0(R, =) and C=1 (R, = 1)
formulas (4.2) and (4.3) yield §, and g, corresponding to the flow over a wedge and cone of a
hypersonic stream of radiating gas.

The results presented in this paper relate to the investigation of essentially three-
dimensional effects in a hypersonic flow of radiating gas. Radiation leads, unlike (4.4), to
distortion of the bow compression shock, and the field of flow over a conical body no longer
has conical properties, and must be investigated using three-dimensional equations. It follows
from (4.2) and (4.3) that the upper estimate of the radiation effect corresponds to n»n=0.
Curves of the function M (X)=KS, (X) «ctg (¢ + @) (the con~-
/,/’ %4  tinuous lines) and g, (X) (the dashed lines) are shown for

this case in Fig.l, where the parameter ¢ has values of

0, 0.1, 0.5, and 1, relating to curves 1, 2, 3, and 4.
0.2 These data indicate that a reduction in the radius of

curvature of the body cross section for fixed ¢,a or

I

N
>

'S
N\
\

A \
\

|
\
1

— an increase in the angle of attack for constant R, ¢
4 o1 results in a reduction in the shock-layer thickness and
z N ’ in the radiation heat flux to the surface.
J
[4
o 5 X 10
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